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@ Compute the overall coefficient of the superstring 2-loop
amplitude from first principles (Work in progress with H. Gomez)

C.R. Mafra (AEI) 2-loop coefficient 22 Feb 2010 2/29



@ Compute the overall coefficient of the superstring 2-loop
amplitude from first principles (Work in progress with H. Gomez)

@ Check 2-loop unitarity in the PS formalism

C.R. Mafra (AEI) 2-loop coefficient 22 Feb 2010 2/29



@ Compute the overall coefficient of the superstring 2-loop
amplitude from first principles (Work in progress with H. Gomez)

@ Check 2-loop unitarity in the PS formalism

@ Derive general formulae and go beyond (higher points/higher
loops)
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History of PS computations

Computation of superstring scattering amplitudes up to overall
coefficients:

@ 4-pt @ 2-loop (Berkovits,C.M.)

@ 4-pt @ 1-loop (Berkovits,C.M.)

@ 4-pt: tree-level, 1-loop and 2-loop are proportional (C.M.)
@ Anomaly, minimal < non-minimal (Berkovits,C.M.)

@ 5-pt @ 1-loop (C.M., C. Stahn)

@ 5-pt @ tree-level and SUSY BCJ relations (C.M.)

Elegant SUSY expressions for kinematic factors in pure spinor
superspace:

Ko = —((AA) (M WR) (M W3 F )
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@ Computation of overall coefficients require knowing the measures
of the pure spinor variables and their normalizations, e.g.

[d)‘] Ta10620430¢4045 = C>\6041---065/31---/011d)‘p1 AT

oo (¢ E A\
AT\ 2 111 \ 472

@ Integration over pure spinor space (H. Gomez, 2009)

o () 2r)"
/ [AN[@N(AR)"e N = 2o <Ag)
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The goal

@ Compute the coefficients tree-level, one- and two-loop coefficients
Co, Cy and C, (omit (27)105(10) (k))

N\ 8
Ay = /*646_2”00 <C;> Ko?oC(S, t,u),

/
= Cir* KoK <a2> / /d Z,HF1(Z,,ZI O‘k K
7—2 =2

i<j

dZQIJ 2 akl
/MZ (detim2y ) / s T] Fa(zi,2)

i<j

/
A = CQFJ462)\K0?O <Oé>
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The goal

@ RNS: 2-loop coefficient found indirectly by factorization (D’Hoker,
Gutperle, Phong, 2005)

C? = 812CyCy,

@ Too difficult for direct computation (functional determinants)
@ Due to gs dependence, normalization of tree-level amp matters
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The goal

@ RNS: 2-loop coefficient found indirectly by factorization (D’Hoker,
Gutperle, Phong, 2005)

C? = 812CyCy,

@ Too difficult for direct computation (functional determinants)
@ Due to gs dependence, normalization of tree-level amp matters

@ Do amplitudes in PS formalism obey the factorization constraint?
(unitarity)
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Non-Minimal Pure Spinor Formalism

Action (Berkovits, 2005)

S_ / 2z (%ax"@xm - paB8® — WaBAS — WODN, + saéra)

With bosonic pure spinors A% , A,
(M™X) =0
and a constrained fermionic r,

(M™r)=0
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Pure Spinor Formalism

Some important definitions for amplitude computations:

@ Lorentz current o
Nmn — Z(W,ymn)\)

@ Supersymmetric momentum
1
I'Im = 8Xm + E(Gﬂym(%)

@ Supersymmetric derivative

0 1,
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Pure Spinor Formalism

@ Supersymmetric Green-Schwarz constraint

/

o, _tem 1w
da - Epoz 2(’7 e)aaxm 8(’7 9)a(6fym80)

@ The b-ghost is a composite operator. ..

1

T W(X’anpf)(d’mnpd) ..

bnon—min =

@ Ghost current

J = W AY — W),
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Pure Spinor Formalism

Relevant OPE’s

XMz, 2)X"(w, W) — —%n’””ln |z — w?

g,(,ymn)\)oa
4 z—y
DaV(y,O)
zZ—y
amV(y,0)
zZ—y
3 n J(y)
(z=y)?R (z-y)?

N (2)A(y) —
da(2)V(y,0) —
n"(z)v(y.6) —

J(2)T(y) —

@ The same ghost number anomaly as in bosonic string theory!
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Issues of RNS and GS not present

Space-time SUSY
The pure spinor formalism has manifest space-time supersymmetry

@ Scattering amplitudes will result in superspace expressions

@ Only one computation for all multiplet states

Covariant BRST Quantization

QBRsT = ?{/\ada + Wy,
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Topological Prescription for Scattering Amplitudes

@ Non-minimal pure spinor formalism is a N = 2 ¢ = 3 string theory
(Berkovits, 2005)
@ Topological string theory prescription to compute amplitudes

@ Massless On-shell Vertex Operators:
o Unintegrated
V = kA"An(X,0), QV =0

o Integrated
U= n/dz <89aAa + ApN™ + d, W* + ;N’””fmn> , QU=9V

@ Where A, (x,0), An(x,0), W(x,0) and Fmn(x, 0) are the SYM
superfields

DaAﬁ + DﬁAa = ’Y&ngAm’ Dy,Am = ('Ym W)oz + kmAa

1
DaW? = 2(v™)oFrnn: - DaFinn = 2kim(m W)a
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0’s all over the place

SYM Superfields 6-Expansion

1 1 1

1 1

1 1
W(x,0) = £* — Z('ane)aan + Z(ane)a(amﬁ’Yne)

1
+4—8(’ymn9)°‘(9'yn7pq9)8meq +...

1
Fmn(X,0) = Fmn — 2(8[m§7n]9) + Z(Q'Y[m’)/pqe)an] qu +o
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Scattering Amplitude Prescriptions

@ Tree-level
A= iten / P2y (IN V' (0)VE(1) V3 (00) U4(24) )
@ One-loop
1 4 :
A=t [ Prn iV O] [ dzUz)?
=2

@ Two-loops

] 3 4 .
Ap = 567 / ,l}dzﬂil}/ APZ{(|N (b, p)U'(2) )
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Scattering Amplitude Prescriptions

@ b-ghost insertion the same as in bosonic string theory

(b, 1y) /d }’/bzzH/z
@ 0 o is regulated by
N = e~ ON-(Ww)—(ro)+(s'd")

@ () denote integration over

ﬁ / [d6][dd"][dr][as'|[dw'|[dw'][d\][dA]
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Measures for zero-modes

[dA] Ty azagasas = Ca€ay...aspy...pr AT .. AAPY
(G000 o anasprn gy, R,
(0] = G Torapaggag €™ 511 dly .0,
[dW] Ta1042043044a5 = Cwe€ay...a5p1...p11 aw’...dwP
[dr] = ¢ 01062&30640456a1mas&m&ﬁaﬁﬂ”.8;511
[dSI] Cs a1a2a3a4a55 L0501 ... P11 agl aS/

P11
[d0] = cyd'®0, [dd'] = cyd'®d’
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-2 (47T2)—11/2()\X)3
11/
111z2,'/9

2 R (27‘()11/2 B <O/)2 (2%)11/2 1/ ot
Cs=|—=| ——2—— Zg R
2 2611!5!()\)\)3

Co = gl ¢ 2£ 16/2 Cq = ﬁ/ _4(2 )16/2216/9
"=\2) \ 4 7=\2 B

Aq is the area of the Riemann surface and

o\ 2 1 A\ 172 o 2(47r2)_11/2
o-(z) mleE)  «-(3) ez
|\ 4x 11151 Z,

1

Zy =
9 /det(2Im(Qy))
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They are measures in the phase space like the standard \d} \7&
in quantum mechanics (H. Gomez, 2009)

11! are due to number of d.o.f, 5! are due to contractions of T, s
Zy appear to make basis of holomorphic 1-forms orthonormal

Integration over non zero modes (detdd) "1~ 11H10HT — (detdd)°
cancels (detdd) > from exponential factors in the vertices

Use the following formula for their combined result

4 5
. A ’
<H . glhx g = (zﬂ)105(10)(k)(27r7 H Fo(z,Z ])ak ki

i=1 i<j

No need for difficult determinant computations!
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@ Integration over pure spinor space (H. Gomez, 2009)

famanreen-G2 (5)'

therefore
e~ (W) —(r0)

N / [d6][ar][d\][dN] 365)

()Sn(

27\ 5/2 0/2(7+n)!
=2'R — >
(%) (2) %™ =0

e Ay cancels outin [N 2[4, : ek~ 1),
@ Closed string amplitudes don’t depend on the area
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Four gravitons at tree-level
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Tree-level 4-graviton computation

@ Computed up to overall coeff in 2008 (with several ids in pure
spinor superspace) (C.M.)

@ Overall coefficient easy to fix

/
Ay = com“e*?u(% BKRNSK (s, 1, w),

V2
Co = <212ﬂ.6a/5

@ Trivial agreement with RNS

C.R. Mafra (AEI) 2-loop coefficient 22 Feb 2010 21/29



Massless 4-point one-loop amplitude
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Massless 4-point one-loop amplitude

@ Computed with the minimal pure spinor formalism (Berkovits
2004)

/ d169 aﬁv)) gm Qp”(’)/mnqu)ﬁ’Yx

[P1 -p11]
| A1a(0)(Wa(0)y™PWP(0))F{ (0)]
and shown to agree with the RNS and GS results (C.M. 2005)
Ki = (AM)YYTW) (N W) Fmn) = tF* +

@ Computed also in the non-minimal pure spinor formalism
(Berkovits 2005, Berkovits & C.M. 2006)
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How to get it (Non-minimal)

@ One can compute it quickly by using symmetry alone
@ Recall the regulator

N = exp (—(AX) — (rf) — (ww) + (sd))

@ Zero modes:
e s has 11 zero-modes
@ d, has 16 zero-modes
@ N contributes 11 sand 11 d, the b-ghost 2 d and the external
vertices 3 d’s.
@ Therefore one gets (\A) and (dW)? from the external vertices and
(AY™Pr)(dymnpd) from the b-ghost

Unique contraction
There is only one Lorentz invariant contraction for these fields

(MmnpD)(AA) (M W) (X" W) (\P W)
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Overall coefficient

@ Computed in 2009 and agreement with RNS found (H. Gomez,
2009)

@ However, 1/4 mistake! (work in progress)

2
Ay = CiK KOKO( )/d H/afz,HF1 z,,z,)ak’k’

i<j
1
2971'20/5
@ Disagreement with RNS of D’Hoker, Gutperle and Phong!

Ci =

APS o ARNS
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Massless 4-point two-loop amplitude
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Massless 4-point two-loop amplitude

@ Can be computed quickly using zero-mode saturation (Berkovits,
2005)

@ Kinematic factor
Ko = (AP N) F o Fag Fas(Ay° W)

@ Shown to agree with RNS results of D’Hoker and Phong up to
overall coefficient (Berkovits, C.M, 2005)

@ Pure spinor superspace identity (C.M., 2008)

Ko = —16(K" - K2) (M) W (M WHFS) = ~16(k" - K)K;
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Massless 4-point two-loop amplitude

@ Overall coeff: after lots of pure spinor covariant manipulations

10
A; = Cor*e® KoK (O/> / d279U5 |ys|2H F2(Z"’Zl')aki'
2 Mo (detIleJ) T, i<j
2
Co = L
210,,/5

@ Disagreement with RNS of D’Hoker, Gutperle and Phong again!

1

PS _
A - 16

RNS
A2
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Was ist los?

@ Work in progress possibilities:
@ We made an embarrassing mistake
@ The PS formalism is not unitary (4 = 22 at 1-loop and 16 = 2* at
2-loops: 229 spin structures. .. )
© D’Hoker et al. made a mistake...
@ However, the PS amplitudes satisfy the same factorization
condition!
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Was ist los?

@ Work in progress possibilities:
@ We made an embarrassing mistake
@ The PS formalism is not unitary (4 = 22 at 1-loop and 16 = 2* at
2-loops: 229 spin structures. .. )
© D’Hoker et al. made a mistake...

@ However, the PS amplitudes satisfy the same factorization
condition!

e This is reassuring, as the factorization condition can be derived
from S-duality (D’Hoker, Gutperle, Phong, 2005)
o RNS: 2-loop coefficient found by
c
02 B 871'20()

o 1/4 mistake in C; leads to 1/16 mistake in C,
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