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Review: Field Theory Objects
History

m Partition function Z[¢]
m Effective Action —log Z or Scsy
m One-loop determinant

1

det V2 2]

m Effective potential (Legendre transform)

We will mainly focus on Effective Actions although what we really
calculate is the



A Use of the Effective Action

Quantum Entropy Function

m Classical black hole entropy:

A

M = SBH = Smicro = 10g dmicro

m Higher curvature gravity: Wald entropy

m Quantum fluctuations of fields in the black hole background
extremal black holes: near horizon AdSs with cutoff scale rg

Zads, = Zorr, = Tr [exp (—2mroH + O(rg 2))]
ZAds, = dpexp (—2mEgro)

where dj is the degeneracy of the ground state.

The effective action of quantum fields in an AdS, background tells
us the of extremal black holes.



Finding the Effective Action
Possible Calculation Methods

Curvature Heat Kernel Expansion
Eigenfunction Heat Kernel method
Group Theory

Quasinormal Mode method

o dt
log det(D + m?) = Trlog(D + m?) = —/ - =)

oo dt
= — / " et 4 O(m™1)

Here n is the number of dimensions, and the a¢ are known in terms
of curvature invariants, e.g. Ricci curvature R. But this only gives
the determinant up to O(m~1). If we care about massless behavior
it doesn’t help!



Finding the Effective Action
Possible Calculation Methods

Curvature Heat Kernel Expansion
Eigenfunction Heat Kernel method
Group Theory

Quasinormal Mode method

dt > dt
log det(D / Z N / t/d4:r\/§
= Ze ””tfn (z) fr(z))

where &k, are the eigenvalues of a complete set of states with
eigenfunctions f,,. (Sen, Mandal, Banerjee, Gupta, ...2010)

Ok for scalar, but hard for general graviton, gravitino, or even vector
coupled to flux background.



Finding the Effective Action
Possible Calculation Methods

Curvature Heat Kernel Expansion
Eigenfunction Heat Kernel method
Group Theory

Quasinormal Mode method

Can we count the effect of all of these fields in another way? Yes, for
sufficient supersymmetry, e.g. N’ = 2! (CK, Larsen, Lisbdo 2014)
What about cases with lower Susy, e.g. De Sitter with a scalar?

Also Gopakumar et. al.



Finding the Effective Action
Possible Calculation Methods

Curvature Heat Kernel Expansion
Eigenfunction Heat Kernel method
Group Theory

Quasinormal Mode method

Finding Z(m?)

m Consider Z as a meromorphic function of m?
m let m? wander the complex plane
m find poles + zeros + “behavior at infinity”

This is sufficient to know the function Z (at one loop).
(Denef, Hartnoll, Sachdev, 0908.2657; see also Coleman)



Weierstrass factorization theorem

Theorem
Any meromorphic function can be written as as a product over its
poles and zeros, multiplied by an function:
1
f(z) = [e=—20"]] ——=
(2 — 2p)%
zeros poles
Examples



De Sitter

Two-dimensional de Sitter space Wick-rotates to the sphere. We set
the scale to a. Poles are at masses where we can solve the
equations of motion, as well as

Equations of motion and Periodicity

[V2+m2]¢20

*(1*+1)
a2

¢ is just our usual spherical harmonic Y;,,, So when —m? =
[* is an integer.
So poles are when
1 1
I*=— 444/ m2a2 — -
% 4

is an integer, and the degeneracy of each pole is 2i* + 1.



De Sitter

Using these poles and degeneracies we have

log Zgs, = logdet Vig, = Poly+ Y (2n+ 1)log(n + I"+).
+.,n>0

1 o 1 1 )
= iﬂ:i\/mzaz—i = §iw.

We can regularize using (Hurwitz) zeta functions:

log Zay ' ereater — Poly =Y [2¢/ (=1,13) — (201 — 1) ¢ (0,13)]
+

where we have

1
~ (log - 3) 7 — G log? + O(v™1)

where

o0

((s,x) = Z(n +x)7%, (¢ =0sC.

n=0



De Sitter

Now expand using curvature heat kernel (it can get up to m=1):

1 1
(/)(;) + log Z;gzlplexscalar _ Poly ~ (log 1/2 o 3) 1/2 . ﬁ log I/2

2

1 v 1 1
2 2 P _ 2 2 2
<U ; 12) tog a2nz v +O(Z) = Paly = (logy” = 5w 12 log

1
—Poly = —20° 4+ (2 — — | log a®A2.
12
Note Poly really is polynomial in v/!

Result: One-loop Partition Function for Complex Scalar on de
Sitter in Two Dimensions

log Zgse = 2 + 3 [2¢' (—1,13) — (213 — 1) ¢’ (0,14)] + A terms
+

Note the cutoff regulation terms of the form log A here; they arose from the heat kernel curvature expansion.



Quasinormal Mode Method

Ingredients we need

m direction w/ periodicity or a quantization constraint

m analyticity (meromorphicity) of Z

m locations/multiplicities of zeros/poles in complex mass plane
m extra info to find Poly (behavior at large mass)



Why Quasinormal modes?

In a general (thermal) spacetime, ‘good’ ¢ are regular and smooth
everywhere in Euclidean space, where 75 ~ 7 + 1/T.

Euclidean ‘good’ ¢

m normalizable at boundary of spacetime
m regular at origin: Pick coordinates u = pe.

for n > 0, ¢~ = pne*inO _ pwn/27rT€fiwn~r

forn<0,¢~a" = p*nefine _ pfwn/27rTeiwnT

Wick rotate ¢ for n > 0, and we obtain quasinormal mode with
frequency wy,:

b~ (p1/27rT) —#(iwn) o—iliwn)t  iliwn)(@+t)

Ingoing mode, using = = log p/27T.



Why Quasinormal modes?
Quasinormal modes

m normalizable at boundary, ingoing at horizon.
m physical modes at real mass values, but imaginary frequencies
m e.g. for de Sitter,

2k+1+3+v
Ty ==
a

= 2minT

m useful for black hole evolution, so known for many black holes
and other spacetimes



Method review
Applying the Quasinormal Mode Method

assume partition function is meromorphic function of mass
parameter Z(m)

continue mass parameter 1 to complex plane

find poles: mass parameter values where there is a ¢ that
solves both EOMs and periodicity+boundary conditions

zeta function regularize sum over poles
use curvature heat kernel to get large mass behavior
B compare to zeta sum large mass behavior to find Poly

If is actually a , then that is a nontrivial check that all
poles have been included (and the function is actually
meromorphic).



Anti De Sitter
Scalars in even-dimensional AdS

m In AdS, we must set boundary conditions to be »—* rather than
“normalizeable”.

m The special ¢ we are interested in occur at negative integer
values of A, so they blow up at the boundary as some integer
power of ». They are not normalizable in our usual sense, but
still produce the correct poles in the complex-mass partition
function.

These special ¢ can also be interpreted as finite representations of
SL(2,R).



Anti De Sitter via representations

SL(2, R) scalar representations

m SL(2, R) is isometry group of AdS,, with generators Ly, L

m Label states by their eigenvalues under the Casimir (A) and L

m L. act as raising/lowering operators for L, eigenvalue
Representations have fixed A; we want only length reps

(multiplicity of pole should be finite). Thus they should have both a
highest and lowest weight state, so the highest weight state |r) has:

LF|h) = 0, implies k = 2h + 1
Lolh) = h|h), casimir eigenvalue A = h

For scalars specifically we find i € Z<y.
These states are linear combinations of the special ¢ earlier!

This method is easier to extend to spinors, vectors, and (massive)
spin 2 d.o.f’s.



New spaces (1): QNM argument for spin

In a general (thermal) spacetime, ‘good’ ¢,, are regular and smooth
everywhere in Euclidean space, where 75 ~ 7 + 1/T.

Euclidean ‘good’ ¢,

m normalizable at boundary of spacetime
m regular at origin: Correct condition is now square integrable:

/ V99" b < o0

m Wick rotate ¢,, for , and we obtain QNM with frequency
Wn:
for n > s, (bz ~yt = pnefme _ pwn/QWTefiwn‘r

Here i only runs over non-radial indices. For transverse tensors,
¢, components have extra powers of 1/p.

For , some QNMs may not rotate to good Euclidean modes.
Only good Euclidean modes should get counted.



NeW SpaceS (2) Warped AdS upcoming w/ A. Castro, P. Szepietowski

In a general (thermal) spacetime, ‘good’ ¢ are regular and smooth
everywhere in Euclidean space, where 75 ~ 7 + 1/T.

Euclidean ‘good’ ¢

B normalizable
Compere, Song, Strominger at boundary of spacetime
m regular at origin: Pick coordinates u = pe®.
for n >0, ¢ ~ R = pnefinG — pwn/Q‘ﬂ'Te*iWnT

for n <0, ¢ ~ TR = pfnefinG — p*Wn/Qﬂ'TeiwnT

Wick rotate ¢ for n > 0, and we obtain quasinormal mode with
frequency wy,:

¢ ~ (pl/ZﬂT) —i(iwn) e—iliwn)t , o—i(iwn)(z+t)

Ingoing mode, using = = log p/27T.



New Spaces (3): Product Spaces upcoming w/ 0. McGady

m For S', poles are at m = n € Z, with degeneracy 1.

1
log Z = Poly+) _log(n—m) from Hurwitz ¢ (s, z) = ) _ (n+ )
nez "

m For St x S!, poles are at —m? = n? + n3, (n1,ns) € Z, again
with degeneracy |. Now we need Epstein-Hurwitz:

1
CEH(s, ) = Z R s

ni,n2

m For SP x S?poles are at —m? = ny(ny +p—1) +na(nz +q— 1),
(n1,n2) € Z>( with spherical harmonic degeneracies. Now we
need generalized Epstein-Hurwitz and derivatives thereof:

1
Z (c1(n1 + B1)? + (aa(n2 + B2))2 + )%

n120,n22>0



Future Possibilities
The Future:

m Simplicity of heat kernels in product space (Kix2 = K1 K>) vs.
QNM method

m product spaces with AdS factors

m numerical QNMs: see esp. Arnold, Szepietowski, Vaman
(1603.08994)

m large D spacetimes

m actions beyond just kinetic term?

m meromorphicity of Z?

m physical interpretation of zero modes



